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The Nyquist-Shannon Theorem

“to exactly reconstruct an arbitrary band-limited signal
from its samples, the sampling rate needs to be

at least twice the bandwidth”

Otherwise...aliasing effects!
[Image courtesy: Wikipedia]
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[Image courtesy: Han et al. Compressive Sensing for Wireless Networks, 2013]
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◮ best k-sparse approximation: x[k] = argminz∈Σk
‖x − z‖p

◮ best k-term approximation error σk(x)p = infz∈Σk
‖x − z‖p

◮ x compressible if σk(x)p quickly decays

Most often: sparsity in a basis (dictionary) or under a transform

x = Ψu or, equivalently, x =

N∑

i=1

ψiui

Examples: wavelets, DCT, curvelets, shearlets, (generalized) Total Variation
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The ingredients of Compressive Sensing (CS):

◮ signal sparse representation (sparsity basis);

◮ linear encoding and measurement collection (coherence and randomness);

◮ non-linear decoding (sparse recovery).

[Image courtesy: Han et al. Compressive Sensing for Wireless Networks, 2013]

CS senses less and computes more
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Natural formulation:

x = arg min
z∈CN

‖z‖0 subject to Az = y →NP hard!

Convex relaxation:

x = arg min
z∈CN

‖z‖1 subject to Az = y

Sensing matrix: A ∈ C
m×N , m ≪ N.

When using a dictionary: A = ΦΨ, Φ ∈ C
m×N , Ψ ∈ C

N×N

minu∈CN ‖u‖1 subject to Au = y SYNTHESIS
minx∈CN ‖ΨT x‖1 subject to Φx = y ANALYSIS

Moreover, noise: y = Ax + w , ‖w‖2 ≤ ε.
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the sparsest solution is recovered!
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Key question:
What A allows the recovery of x from y = Az given that x is sparse?

Some more definitions:

◮ Null space property (NSP)
A ∈ Cm×N satisfies the NSP of order k with constant γk ∈ (0, 1) if

‖ηT‖1 ≤ γk‖ηT c‖1

for all η ∈ ker(A), for all |T | ≤ k .

◮ Restricted Isometry property (RIP)
A ∈ Cm×N satisfies the RIP of order k with constant δk ∈ (0, 1) if

(1− δk)‖z‖22 ≤ ‖Az‖22 ≤ (1 + δk)‖z‖22

for all z ∈ Σk .

Examples: Gaussian, Bernoulli, randomized orthonormal systems
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◮ Theorem (exploits NSP)
Assumptions:

◮ A ∈ Cm×N satisfies the k-NSP with constant γk ∈ (0, 1)
◮ x∗ = argminz∈CN ‖z‖1 subject to Az = y

Then:

‖x − x∗‖1 ≤
2(1 + γk)

1− γk
σk (x)1

◮ Theorem (exploits RIP)
Assumptions:

◮ A ∈ Cm×N satisfies the 2k-RIP with constant δ2k < 0.4931
◮ x∗ = argminz∈CN ‖z‖1 subject to ‖Az − y‖ ≤ ε

Then:

‖x∗ − x‖2 ≤ C1ε+ C2
σk (x)1√

k
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◮ design of sensing matrices

◮ applications

◮ optimization theory

◮ algorithmic developments

◮ high-performance computing

If you are thrilled about CS (or even not...)
please come on December 17, in the afternoon (tbc)!
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